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ABSTRACT 

The analysis and the design cf the elements of a large array of 

circular apertures on a triangular grid is approached by modeling the 

antenna as an infinite structure rotationally symmetric ana periodic along 

the cylinder axis.    Because of this particular symmetry every possible 

excitation is the superposition, with suitable weights, of a set of fundamental 

excitations naving uniform magnitude and linear phase progression in the 

azimuthal direction and in the direction of the cylinder axis ("eigenexcita- 

tions").    Thus, by invoking superposition the electromagnetic analysis of 

the array is reduced to the solutions of the simpler boundary value problems 

pertinent to the set of eigenexcitations.    This is done by expanding the field 

in normal modes in the region exterior to the cylinder and in the waveguides 

feeding the apertures, followed by a field matching at the cylinder surface 

(obtained approximately through Galerkin's method).    The realized gain 

pattern of the radiators can be modified to a considerable extent by using 

an "element pattern shaping network" (in the radiator waveguides), serving 

the purpose of matching the array for a selected eigenexcitation.    Criteria 

for the network design are given.    A series of numerical examples 

illustrates the technique and shows that a "flat" element pattern can be thus 

obtained with a gain fall off with respect to the peak of less than 6 db at 

80 degrees. 

111 
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1. INTRODUCTION 

It is the purpose of this report to present certain recent developments 

in conformai array theory and design.   Some results are of a theoretical 

nature, that is, they establish effective methods of analysis for practical 

structures thus allowing a better insight of their electromagnetic behavior. 

Other results are of direct relevance for the design.   In fact a technique 

is introduced which allows the modification of the realized gain pattern of an 

element via a control of the mutual coupling mechanism, simply by placing 

a matching network in the element waveguides.   Through this method it is 

possible to tailor the element pattern to meet the scan coverage requirement 

of the array:   if for example the array is designed for wide angle performance, 

the radiation at direction near grazing incidence can be enhanced at the 

expense of broadside gain. 

Conformai array theory has significantly advanced during the last two 

to three years.   Methods of analysis for cylindrical arrays, taking into 

account mutual coupling, have been developed for idealized structures 

consisting of infinite slits fed by parallel plate waveguides [1-3].    More 

recently cylindrical infinite arrays of rectangular apertures, polarized in 

circumferential direction, have been studied by Gladman [4] and Sureau and 

Hesscil [5] who considered elements in a rectangular grid.   A mutual coupling 

analysis of an array consisting of a finite number of rings of rectangular 

axially polarized apertures in triangular arrangement has also been per- 

formed by Borgiotti and Balzano [6], who showed dependence of the element 

pattern upon its distance from the edge of the array. 

In this report arrays of flush mounted circular apertures are considered. 

The apertures are arranged in a triangular lattice, as it is in most modern 

arrays, to save on the number of elements.    The structure investigated is 

Some of the results presented in this paper have been already presented by 
the authors at the U. R.S.I Fall Meeting 1970, Ohio State University, 
Columbus, Ohio, Sept.  15-17, 1970. 

1 
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infinite and periodic along the cylinder axis and in the circumferential sense. 

This model is accurate except for the elements in the proximity of the array 

edge.    The technique for the analysis is based on a systematic exploitation 

of the translational and rotational symmetry of the structure.   Every 

arbitrary "free" array excitation [7] is decomposed into a set of elementary 

special excitations matching the symmetry of the structure, in the sense of 

being eigenvectors of the symmetry operator» representing the congruences 

of the structure [8].   The analysis of the structure for these "eigenexcitation *'' 

is much simpler than in the general case, which on the other hand can be 

studied by applying superposition [1-3]. 

The usefulness of the analysis and design technique introduced here is 

illustrated by a number of numerical examples.    Two cylinders with radii 

equal to approximately 11 X and 50 \ with two different element spacings 

have been studied in detail.    The effect of different matching conditions on 

the wide angle scan performance has been investigated,    It has been shown 

that element patterns can be obtained which are "flat" within a fraction of 

db up to 60 degrees from broadside and with a gain fall-off of less than 

6 db up to 80 degrees in the principal planes.    It has also been checked that 

these favorable characteristics are preserved in a frequency band of 

several percent around the center frequency.    Also for each cylinder a 

number of curves of gain vs.  scan angle for two arrays having broadside 

gains of approximately 20 and 30 db have been calculated, for different 

match conditions,  showing the effectiveness of the technique in improving 

the scan coverage of the array. 

The report is organized in the following way.    In Section 2 the geometry 

of the structure is defined and certain general results are established 

depending only upon the special symmetry of the structure.    It is shown how 

remarkably far one can go in the development of the theory on the basis of pure 

symmetry considerations without specifying the physical details of the antenna. 

In Section 3 the method of solution of the boundary value problem for the 

particular structure under study is outlined briefly (most of the analytical 

details being confined in the Appendices). Section 4 shows how the 

analytic technique developed here is not only valuable for the analysis of a 
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given structure, but can also be used as an effective design tool.   Element 

pattern design criteria are observed.    Finally in Section 5 selected 

numerical examples are presented. 
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2. THEORY OF INFINITE PERIODIC CYLINDRICAL ARRAYS 

2.     Structure Geometry 

For the developments of this section there is no need to specify the 

nature of the radiating elements, all the results being a mere consequence of 

the axial and circumferential periodicity of the structure.    However, since 

in later sections the attention will be focused on aperture arrays, it is this 

type of structures which will be indicated in the illustrations. 

To specify the geometric reference the axis of the cylinder is assumed 

to be coincident with the z axis of a system of rectangular coordinates.   A 

polar system r, 9 , \p and a cylindrical system p, z, ^ are associated in the 

usual way with the rectangular system.    With reference to Figure 1 the 

symmetry of the structure is conveniently defined by the pair of column 

vectors: 

±1 = ±2 = (1) 

In analogy with the planar case  [9-11] * the reciprocal (row) vectors t. are 

defined by the equations: 

t. •   s.   =  2 IT 6 ., —l     —k lk 
(i, k =   1,  2) (2) 

where 6.,  is Kronecker's delta.    From (2): 

ii ■ [H> -i] t2 R] (3) 

In addition to the angular coordinate *p, it is convenient to introduce a 

coordinate § on the array perimeter defined as: 

5 Preceding page blank 
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i = R* (4) 

where R is the cylinder radius.    Thus a point of the cylinder surface can be 
individuated by the position column vector: 

-C] (5) 

The radiator whose center is located at z = 0 and § = ^ = 0 will be 

called "reference" element.   All the array elements will occupy the positions 

defined by the vectors: 

smn = msj + ns2 (6) 

where n indicates the ring and m the position inside it. 

2. 2  Array Eigenexcitations 

Array "free" excitation is always considered in this paper (i. e. defined 

as the set of incident waves in the transmission lines feeding the elements). 

Without loss of generality each radiator will be assumed to have only a single 

excited port.   If the elements are excited at two input ports (as it occurs for 

circularly polarized antennas) the response    of the array in this situation can 

be obtained by superposition from the solution of the two partial problems 

relative to the excitation of a port at a time, the other being terminated in the 

impedance of its (equivalent) generator.    Every array excitation is repre- 

sented by the infinite dimensional column vector a, belonging to the array 

"input space".    Fach of its component a       clearly indicates the excitation of 

the element in the position defined by m and n. 

2 
The set of reflected waves at the input ports and the array far field pattern 
are concisely indicated as the "response" of the array (for a given 
excitation). 
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The interactions among the array elements can be described by the 

scattering (or mutual coupling) matrix S (of infinite order).    Its eigenvectors 

are the "eigenexcitations" of the array   [3] , namely those sets of incident 

waves producing identical active reflection coefficients at each element input 

port.    As discussed in Appendix A, they are given by the infinite dimensional 

vectors (suitably normalized): 

•<v V s -^ = h exP   [-3% <ml! + nl2)] (7) 

where m is an integer between 0 and N- 1, n any integer and u   is a row 

vector representing the ordered pair of numbers: 

u    =    fu ,w    "I -o       [ o'     oj (8) 

with u    = i/R.    Each eigenexcitation is individuated by the azimuthal number 

i (indicating that the phase progression between two adjacent elements in a 

ring is 2iri/N) and by the longitudinal number w    (corresponding to a phase 

progression w h between two contiguous rings).    All the eigenvectors are 

obtained by having i to take all the integers values from -N to N-1 and w all 

the real values from -ir/2h to w/2h (Appendix A). 

In view of the further developments it is convenient to associate to each 

bidimensional vector u , a regular lattice of points in the u, w plane defined 
~"° 3 

by the set of vectors (reciprocal lattice): 

u        = u   + pt, + qt, —opq      —o     r—1     ^2 (9) 

with p and q arbitrary integers, and t, and t_~ given by (3).    The rectangular 

coordinates of the points (9) are given explicitly by: 

j 

The geometry of the reciprocal lattices is shown in Figure 4 for a 
particular case. 
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Uopq = i+PT Wopq =  Wo + <2«"P> K <10> 

In Section 3 the responses of the array to the set of eigenexcitations will 

be determined through approximate solutions of the appropriate boundary 

value problems.    For an arbitrary excitation the reflection coefficients at 

each input port and the radiation pattern of the array are then obtained, 

through superposition, from the set of active reflection coefficients T (u ) and 

far field g (i, w   , r, Q, <e ).   A general account of the philosophy of 

the method has been already given elsewhere  [3] ,    Thus only the features 

peculiar to the geometry at hand will be discussed in some detail in this 

paper. 

2. 3   Patterns and Reflection Coefficients for Arbitrary Excitations 

By using the set of vectors (7) as an orthonormal basis for the array 

input space the excitation a is expressed through the following expansion: 

*(&' Wo) 
c(i' V^IR' W

O    
dwo (ll) 

whose coefficients cl i,w     1 are the projections of a on the basis vectors 

(7), i. e. are given by the scalar products: 

c(i, wJ =  e fu ) •  a (12) 

where the cross denotes the conjugate transpose.    Explicitly 

c(i, wQ) TOT    Y,    Y, amn e*P [feo^l + n!2>] "V 
m        n 

. --w=™*-"" 
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where the summations are extended; to those values of m and n corresponding 

to the elements belonging to the finite excited sector of the infinite structure. 

The power reflected hack into the input ports is represented by die 

infinite dimensional column vector b, which from the representation (11) for 

a is promptly found to be given by the expression: 

b = ra. wo) e|£ ä(A- WOW- dw (14) 

Similarly, the array radiation pattern F(9, # i for an arbitrary excitation is 

a linear combination of the eigenpatterns with the weights c(i, wfl , as it 

follows (k e 2ir/> being the free space propagation constant): 

« 

-jkr Na       I 
—— F(6,f) =   2^      I     "g (i. wo»r. 9. * ) c(i. o       o (15) 

2K 

It will be shown in Section 3. 2 that the integration in (15) is readily performed 

through an application of stationary phase method. The use of (14) is instead 

less immediate, requiring a numerical integration. It is stressed however 

that (15) alone provides all the relevant information about the radiative prop- 

erties of the array (including for example the variation of gain with scan 

angle). If in particular a single radiator (e„ g. the reference element located 

at m = n = 0) is excited, because of (11), equation (15) takes the form: 

-jkr-«. rz 
w 
2h 

V6'** = \}lk JC      f^li' Wo*r'e' *>dw< (16) 

2K 
Equation (16) yields the realized gain pattern of the reference element. 
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3. THE ELECTROMAGNETIC PROBLEM FOR 
CYLINDRICAL ARRAYS OF CIRCULAR APERTURES 

3. 1   Aperture Field Match 

In this section the input properties of the array (reflection coefficient 

and cross coupling between aperture modes) will be determined (for the 

structure eigenexcitations), by solving approximately the appropriate 

boundary value problem.  The results derived here will be used in next sec- 

tion to establish expressions for the array eigenpatterns. 

The idealized model of the array consists  of a regular grid of circular 

apertures of radius a on an infinite cylindrical surface having radius R, fed 

by waveguides with the same cross-sections as the apertures.  The elements 

may be filled with dielectric.    Only the two orthogonal TE.. fundamental 

modes,  circumferentially and axially polarized, are assumed to be above 

cutoff in the feeding waveguide.    A matching network, whose physical nature 

is such not to create coupling between the two propagating modes (located 

at a sufficient distance from the aperture not to interfere with evanescent 

modes) can be present to modify the element realized gain pattern. 

The cylinder radius is supposed to be large in terms of wavelengths. 

Thus the waveguide aperture can be considered planar with negligible error. 

To simplify the treatment the element aperture transverse electric field 

distribution will be assumed to be represented with good accuracy as the 

superposition of the two TE. , modes.    This approximation gives good 

accuracy for the planar case [12], for comparable element and lattice size, 

and it is reasonable to assume that the same will occur for the present 

geometry (see Section 3. 3).     The vector mode functions for the mode 

polarized in the axial and circumferential directions will be denoted by 

e    (s) and e    (s_),  respectively, £ being the position vector defined by (5). 
^a  ■•"• ~*c  *"■ 

A technique to design the matching network to modify the scan coverage 

characteristics of the array will be discussed in Section 4. For the purpose 

of the analysis we only need here to assume that two shunt susceptances 
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-B      and -B      (one for each mode and such not to produce mode cross 

coupling) are positioned at half wavelengths from the apertures, and that in 

the transmission lines immediately prior to them two perfect transformers 

are located, having the turn ratios n.:n, =    /G    :Y        and n,:n, =   /C    TY~, l    2      v    ao    o 1    2      v    co    o 
respectively, where G,^ and G_ are two suitable conductances and Y    is ao co o 
the characteristic admittance of the waveguide. 

Let the element ports of the axial mode (say) be excited by the eigen- 

excitation e(u ),  i.e. by a set of incident waves, of equal magnitude, and 

having a phase given by   --s~ (p + % - w qh.    The transverse aperture 

electric field of the reference element is represented, under the two modes 

approximation, by the combination of the selected modes as follows: 

*t W =\fGz~in  \fa       |E + W]  ±® +  rac{^ **& 

(17) 

where    V (u ) is the reflection coefficient of the excited mode, and    r   (u ) a —o ac —o 
is a cross coupling coefficient representing the passive excitation of the 

cross polarized mode.    It can be convenient,  in view of further developments, 

to introduce the simple equivalent circuit in Figure 2 for the admittance 

viewed at the input port of the excited mode.    The active admittance Y  (u ) 

evidently includes also the effects of coupling with the cross polarized mode 

passively excited.    Paralleling the treatment for the planar case [10] the 

transverse electric field on the cylinder surface can be represented through 

the following Floquet's double series,   (consequence of the skew symmetry 

of the structure): 

^t(l)   =   £     L     ±<*opqrteoPq£ (18) 

q=-oo  p=-co 
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whose coefficients are bidimensional vectors 

A(u      ) = A (u      )z + A „(u      ) !p — —opq z —opq' >P —opq   r (19) 

The continuity of the transverse electric field on the cylinder surface will 

be approximately enforced, by requiring that the difference between 

I^(s), eq.  (17), and the exterior mode expansion (18) (on the fundamental 

array cell of the reference element) have zero projection (in the Hubert 

space sense) on each Floquet's harmonic.    By following this procedure, 

discussed in detail for the formally similar planar case in Ref. [10], the 

following set of equations is obtained (one for each of the points (9): 

V2Ga"1/2\/2^N 

S- A(u      ) 2ir — *—opq' 

[1 + r in )]   ga (u       ) + r    (u ) &  (u       ) u a —o     —a  —opq ac —c   —c —opq -opq 

(20) 

where C is the area of the elementary cell and S   (u)   and &  (u) are the — a — —c — 
Fourier transforms of the vector mode functions e  (s) and e  (s), whose —a — —c — 
explicit expressions are given in Appendix B. 

The continuity of the transverse magnetic field on the radiator aperture 

is approximately enforced through a similar procedure.    Under the two 

mode approximation, the magnetic transverse field on the reference element 

is given by (Appendix C): 

Ü*(S) = PoJ 

\ 

UW G    + l+r (u )   jB n ao   \      a —o7 J   ao Sa<2) + 

r  (u ) (G ac -o       co JB     ) co . (.)|   \fi G-l/\l^ -c-'f    V a        \/2TTN 
(21) 

13 
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A 
po being a unit vector having the direction of the reference element waveguide 

axis, pointing outward of the cylindrical surface.    By using vector potential 

techniques, the z and 4>  components of the magnetic field in the region 

exterior to the cylinder can be related to the coefficients (19) of Floquet's 

expansion,  obtaining the following expressions (Appendix C): 

H    to,4>, z)   = V2' •1/2 +00 + 00 

jkrj '2rN 

f 
s ^ i=-oo       q--oo 

e   —opq— 

w ri   .     ..In */k     - > 
opq|    -i-pN\P V 

and: 

H<\> (p, (j> , z) 

A,   (u       )   + 
(i+pN) w _ A    (u       ) opq    z '-opq' 

R (k2 - w2 J opq 

+00 +00 

•* 

_h 
'2FN 

p = -oo     q=-oo 

l'2)       , opq - -i-pN 

(22) 

-ju      s 
, J-opq- 

■(i+pN) w H'_"'      (p \lc    - w 
opä 

.      «,,2        2 „(2) 
jcju *k    - w   p H  . J      ' opq p    -1- pN "* V^2 "»opq' 

A,   (u       )   + 
<t> '-opq' 

(ifpN)w        A   (u       ) '    r        opq     z '-^opq' 

R (k2 - w2     ) opq' 

r(2) ^Az^pq)H:-:pN(pNk VT^ w       ) 

Vk2 - w2        H<2>   N(RVk2-w2     ) I * opq      -i-pNv    * opq 1 

(23) 
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with A  (u      ) and A, (u      ) given by (19) and (20). 

B> requiring that the difference between the expression (21) and the 

expansion (22-23) have zero projections on the modal function p    x e  (s) 

and P    x e (s), the following expressions for the reflection and mode cross 

coupling coefficients are derived (Appendix C): 

T (u ) = a'—o' 

(G    - [L    (u )-jB     TV{G    +|~L    (u )-jB     D+L2 (u ) \    ao   L  aa-o' J   aoJ/\   co   '-   cc —o   J   coJ/     ac —o 

(C    + \L    (u )-jB    TV (G    + |~L    (u )-jB     1"V-L2  (U ) \    ao   L  aa'—o   J   aoJ/ V   co   L   cc-o   J   coJ/     ac*—o 

(24) 

and 

-2L    (u ) 
T    (u ) - ac "° ac —o (G    +TL    (U )-jB    1\ (G    +TL    (U )-jB     1"V-L^  (u ) V   ao   L  aa —o' J   aoJ/ \   co   L   cc-o   J   coJ/      ac —o 

(25) 

where L      (u ),  L    (u ) and L    (u ) are rather complicated functions, whose aa  —o       ac —o cc —o 
explicit expression is given in Appendix C.    They can be however calculated 

straightforwardly once the Fourier transforms of the vector mode functions 

are known.    Their physical interpretation is that of self and mutual 

admittances for the axially and circumferentially polarized fundamental 

modes (for a given eigenexcitation). 

Once the transverse electric field distribution (17) on the elements has 

been determined using (24) and (25), the eigenpatterns are obtained from 

the solution of the exterior electromagnetic problem.    This is discussed 

in the next section. 

So far it has been assumed that only the axial mode is excited. If, on 

the other hand, the circumferential mode is the one excited (with the same 

eigenexcitation) a perfectly similar treatment can be done, obtaining the 

15 
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expression of the reflection coefficient T    (u ) of the circumferential mode c   —o 
simply by permuting the subscripts a and c in (24), the expression for the 

cross coupling coefficient r     (u^) still being given by (25).    The general 
case is obtained by superposition. 

3. 2   Eigenpatte rns 

The components g (i, w , r, 9 , 4> ) of the far field for an arbitrary 

excitation are obtained from the Floquet-Bessel expansion (22-23), by using 

the standard asymptotic expression of Hankel functions for large arguments. 

Notice first that only for 

lwopql<k <26> 

the terms in (22) and (23) represent waves carrying energy away from the 

structure.   The terms of (22) and (23) for which (26) does not hold represent 

instead cylindrical evanescent waves.   If in particular the distance between 

two rings h is smaller than >/2, the only propagating waves are found to be 

those for which p = 2q, and, if 

|wo | > k -  £ , (27) 

those for which one of the two equalities holds: 

p-2q = ± 1 

the upper and lower sign referring to negative and positive w , respectively. 

The asymptotic expressions for H   and H    are found to be given by: 
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H   (p. <t> . z) z 
P—00 

E 2G. ■1/2 
12?TN 

1    opq'— VjTP ft 
2     w2     ,]/2 

opq' 

.i-1  „2     2     .1/2 3        (k  -w       )  ' ... 

kfj 

^ •j(w      * +p\k2 - w2     ) J v   opq       M ' opq' 

r(2) 

:PN e-jpNo> 
T" 

H.v"' KT (Rlfk2 - w2     ) l+pN '    * opq 

(i+pN)w       A   (i+pN, w       ) 
A.   (i+pN, w     ,)   +    °W- z    ■ 2P£- 
* opq R (k2 -w2) opq' 

(28) 

H.    (p, <|>, z)   = 

p-*°o E 2G  '"x/iJlT, M a J 2TTN 
•1/2 JT 

w        <k i   opq'— 
V*pfc 

2    ~~2     ,1/2 
opq' 

kjVjg 
"^—2    vi/2 (k    - w       )  ' opq' 

j (w       z + p V k    - w       ) 
opq 

ypr~~y 
opq' 

jPN    -ipM*  A (.     N , 
jj zy    r        opq' 

i+pN opq 
(29) 

where the summations are extended to w        satisfying (26),, opq '    " 
The series in (28) and (29) are rapidly convergent,  since the terms for 

which 

li +pNl >> RVk2 - w2 

opq 
(30) 

can be easily shown to be negligible. 

In view of further developments it is convenient to consider the electric 

far field of the structure and alao to use polar coordinates r, 9 , o> ,  related 

to z and p by the standard transformations: 

r sin 0       z = r cos 9 (31) 
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From (28) and (29) through straightforward manipulations the following 

expression of the electric far field of the structure for the eigenexcitation 

e(u ) are established: 

2G •1/2 

g(i.wo.r,e.<>)   = = 
■y j w r sin 6 '2JTN £ 

-jr(w    „cose +sineVkZ-wZ    ) 
, J      opq ' opq' 

w ~  <k 1    opq'- 
(k    -Wopq) 

[ege (i. w       i <b ) 4 A g,   (i, w opq' T       r 6A   '        opq 
I      J 

. <t>)    e 
ji (f - 4>) 

where: 

«6   (i' Wopq'*)   = 

i^A.g^w^),-^ 

Vk2 - w2 " H!2>     (R$F- 1 opq l+pN   *    * 
2     , 

w       j opq' 

(32) 

and 

«J> op^ 

^pN e-jpN4 

H^N   <*^ rf w2    ) opq' 

%   (i+pN'   "opq* 

(i+pN) w _ A    (i+pN, w       ) 
opq     z v _r opq 
R  ^   "WLn> opq 

(33) 
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The antenna far field pattern, by applying (15) is thus given by: 

r 
2h 

*■*>■!** i££FE ££ 
m       n k opq1- 

(f-6) 

a       e mn 

j(imd + y-)       jwQnh        ' 

9g0   (i» wopq**>+*   S   (i«  Wopq 

jr (w ,cos9   + sine Vk2-w2    ) J        opq » opq' 
~2       2    ■ 
(k   - w      ) opq' 

(34) 

where the summation in n and in m are extended to the elements of the finite 

area excited of the infinite structure.    The integral in (34) can be evaluated 

for r — oo through straightforward application of stationary phase method, 

obtaining finally: 

F,e   i)   -   e"jkr      hVT -1/2   1/2 F(9,<t>) —      ^N      Ga j 

N-l 
ji(f -* ) E 

[' 9 *9   (i'   Wopq'  * > + * h   (i«   Wopq'  * > pq' ] 
opq'- 

EZ 
.. 2ir   .      , n. jiJ   (m+T) 

a       e mn 
N 2       jknhcos9 

(35) 

m       n 

As mentioned in Section 2. 3,  the realized gain pattern of an element is 

obtained as a particular application of the general result (35). 
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3. 3   Remarks 

In the previous sections in developing the appropriate formalism for the 

analysis of cylindrical arrays it has been attempted to stress the similarity 

with planar array theory.   In both cases the field outside the cylinder is 

expanded in an infinite series of Floquet's harmonics, of a general type, 

each of them conveniently associated with a point of a regular lattice in a 

"reciprocal" wavenumbers plane.   However,  certain important differences 

should be remarked.    The most apparent is that in order to calculate one 

point of the realized gain pattern of a cylindrical array element (or more 

generally one point of the array pattern for an arbitrary excitation), it is 

necessary to calculate the array response to the eigen excitations pertinent 

to all azimuthal numbers i's.    For a planar periodic array all the excitations 

with uniform magnitude and linear phase taper are eigenexcitations, and the 

response to only one of them characterizes the realized gain pattern of an 

element in a certain direction.   Another less obvious difference is related 

to the phenomenon of the "continous" cutoff of the cylindrical functions 

representing the electromagnetic field.    The question is straightforward for 

uniform cylindrical arrays [1-3] but is relatively complicated for the present 

structure. 

A discussion of this phenomenon by using the concept of reciprocal 

lattice in the u, w plane gives insight on certain array properties.    For the 

planar case there exists a circle (visible region) within which the reciprocal 

lattice points represent radiating waves (carrying energy away from the 

structure).   All the other harmonics represent instead evanescent waves 

associated with the reactive power stored in the neighborhood of the array 

[9-11].    For a cylindrical array, instead, the waves whose representative 

points in the u, w plane do not belong to the strip (26) represent evanescent 

waves.   Inside the strip (26) the Floquet Bessel harmonics are associated 

with both radiating and reactive power.    However,  from (22-23), by invoking 

well known properties of cylindrical functions it can be seen that the waves 

for which 

ji+PN|>R^/k2-wo^ (36) 
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are "essentially" below cutoff, while the ones for which the inequality (36) 

is reversed are essentially radiating.    The propagation region, (correspond- 

ing in planar array theory to the visible circle) has now a blurred boundary, 

and a transitional zone exists where the harmonics contribute to both active 

and reactive power.   In Figure 5 tie edges of this zone have been indicated, 

conventionally defined as the loci where the ratios between the imaginary 

and the real parts of the wave admittance are either 0. 1 or 10. 

A few comments are at this point appropriate about the numerical 

accuracy of the solution.   In both the planar and cylindrical cases the solu- 

tion of the electromagnetic problem is obtained by expanding the field in the 

proper modes of the waveguide and of the radiation half space.   The modal 

series are then truncated and through an application of Galerkin's method 

a system of equations is written for the unknown coefficients.    Recently, tho 

question of the accuracy of this procedure has been debated [13-15], and it 

has been observed that for certain types of waveguide discontinuity problems 

increasing the number M and N of the modes in the two regions at the two 

sides of the discontinuity may not make the coefficients of the expansion to 

tend to their correct values.   It has been shown that for certain problems 

(different from these considered here) M and N must be increased keeping 

a certain ratio between them [14-15].    These studies have constituted a very 

useful warning, pointing out that a single convergence test (increase of M 

and N) is not sufficient to guarantee the accuracy of the solution.    However, 

by no means this implies that the method of solution above described is incor- 

rect or inaccurate.   In fact the practical certainty of the correctness of the 

solution is obtained if several convergence tests are made (increasing M and 

N, keeping their ratio constant but equal to a different value ior each test) 

checking that the modal coefficients tend in the different tests to the same 

values.    This has been done for the planar configuration, and has been thus 

checked that for this type of problem (essentially equivalent to a junction 

between t"ro waveguides with different cross sections) the solution is not 

sensitive to the way M and N are related.    This conclusion is consistent 

with what found by Lee et al [14].    Extensive numerical conputations 

performed alon«? these lines have shown that for arrays of circular apertures 

of dimensions and spacings similar to the ones considered in this study, two 
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modes are sufficient for achieving good accuracy (see for example [12]). 

In many instances the analytical solutions have compared with experimental 

data, with consistently excellent agreement.    Because of the physical and 

analytical similarity of the two problems it can be inferred that the same 

will be true for the cylindrical structures (for radius of curvature sufficiently 

large). 

Certain questions concerning the numerical evaluations of the Floquet- 

Bessel series are briefly discussed in Appendix D. 
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4. ELEMENT PATTERN DESIGN 

The scattering coefficients among the elements are functions of the para- 

meters of the tuning network of Figure 2.    Consider a single excited element. 

The interference between its direct radiation and the energy scattered by the 

other elements passively excited, depends upon the turn ratio of the trans- 

former,  and the susceptance of Figure 2, and so does the element realized 

gain pattern.    In order to get an insight of the relationship between element 

pattern and matching network parameters, it is appropriate here to briefly 

compare the two methods of cylindrical array analysis presently available, 

from the viewpoint of their suitability for element design. 

One of the methods is based on an attempt to determine the passive 

reradiation of the elements in the situation of a single excited radiator, by 

establishing thus a formalism which is a direct analytical counterpart of 

the physical picture given above.    To this end the complex waves,   solutions 

of Maxwell equations for the source free structure must be determined [2], 

This requires the solution of a transverse resonance equation having as 

unknowns the complex wave numbers in the longitudinal and azimuthal direc- 

tions.    The idea upon which this approach is based is a valuable aid for the 

understanding of the phenomena occurring in conformal arrays.    However, 

this approach does not lead to manageable computational procedures except 

for very simple idealized structures [2].    In addition,  it does not seem easily 

adaptable to efficient element pattern synthesis. 

The other approach is the "eigenexcitations method",  considered in this 

paper and described in the previous sections,  which naturally leads to a 

relatively simple procedure for controlling to a considerable extent the ele- 

ment pattern.    In this method no direct evaluation of mutual coupling is 

necessary, the element interaction phenomena being represented by the set 

of active reflection coefficients r(u  ).    Consider the plane tangent to the array 

surface through the center of the reference element,  and on such plane the 

straight line in the direction of the cylinder axis and its perpendicular.    Suppose 

that one seeks to enhance the radiation into a direction having cosines Y and a 
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with those axes.    To accomplish this purpose, the network if Figure 2 is 

chosen to match the structure when excited by the eigenexcitation identified 

by: 

w     =   ky ;     ■ i   =   kRo (4Q) 

The realized gain pattern for obvious symmetry reasons will be the same 

in the direction -a and -y symmetric too and v with respect to broadside. 

This procedure is easily justified by observing that the realized gain pattern 

of an element in a conformal array having a large cylinder radius is obviously 

"similar" to that of the same element (with the same lattice) in a planar array. 

For the latter case, the element pattern in a direction a, y is maximized if 

the array is made transparent (i. e. matched) for a plane wave incident from 

such a direction, or equivalently if it is matched for steering in the direction 

a, Y-    Thus,  for a conformal array,  the corresponding condition will be the 

one mentioned above,  for which the same relative phase progression exists 

among the elements. 

For a varipolarization element, it is possible to maximize the gain in 

two directions (one for each polarization of an orthogonal pair) by using 

waveguide elements acting on a single polarization (e.g. waveguide posts). 

These directions can be chosen close to grazing incidence in the axial and 

circumferential directions (for axial and circumferential polarization, 

respectively).    The use of varipolarization elements allows to eliminate the 

loss due to the almost complete reflection at large angle from broadside of 

the energy associated with the field polarized parallel to the surface,  simply 
4 

by suitably choosing the element nominal polarization. 

Practically the evaluation of the network parameters will be done by 

calculating the terminal admittance for the eigenexcitation (40) (following the 

procedure of sect 3 and Appendix C) for B       =   B „  =  0 and G^  =  G^ä  = Y  . r rr co ao co ao o 
The real and imaginary parts of the admittance so determined provide the 

Assuming that the antenna at the other terminal of the communication link is 
circularly polarized,  of course there is still a 3 db loss due to polarization 
mismatch. 
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values of G     and B      or the values of G     and B      for axially polarized or ao ao co co ' r 

circumferentially polarized excitation, respectively. 

When maximizing the gain in certain directions off broadside it is 

expected that the broadside gain will decrease.    Thus the element pattern will 

be "flatter" than in the case of broadside match.    Resonance notches are in 

most cases essentially determined by the array lattice (at least in absence 

of dielectric sheets on the array surface and/or elements having too large 

apertures).    Thus one should choose an element grid for which in a planar array 

no grating lobes would be present (for any scan condition).    The design is not 

critically frequency sensitive. 

Numerical examples of element patterns designed according to the 

criteria above outlined are discussed in Section 5. 
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5. SELECTED NUMERICAL 
EXAMPLES AND DISCUSSION 

In this section a number of illustrative examples will be briefly con- 

sidered with the aim of determining the effects of the structure geometrical 

parameters (cylinder radius, element size and lattice), and of showing the 

effectiveness of the design technique discussed in Section 4.   A large amount 

of numerical data have been generated.    Three cylinder radii and two dif- 

ferent element lattices have been considered.    The element aperture radius 

has been always assumed equal to 0.22 wavelengths (at center frequency for 

those cases for which a frequency sensitivity study has been performed). 

The elements waveguides are assumed to be filled by a dielectric with 

e    =2.5 (for £    =1 the fundamental modes would have been below cutoff), r r 
A first set of figures refer to arrays with the lattice of Figure 3.    A 

planar array with the same lattice would have grating lobes in the visible 

space for certain scan conditions.    The first array studied has a radius of 

approximately 100 wavelengths.    Circumferential,  axial and conical sections 

of element realized gain patterns have been calculated for nominal axial and 

circumferential polarizations,  the elements being matched for the equiphase 

condition,   conventionally called "broadside",   (Figure 6 to 10).    For this 

lattice size and orientation a notch is present (Figure 6) in the circumferential 

plane for circumferential polarization in a direction approximately corres- 

ponding for  a planar array to a scan direction for which a grating lobe enters 

into visible space.    Characteristically however,  the notch is absent for axial 

polarization.    Also the slope of the realized gain pattern in the shadow 

region is substantially greater for axial polarization.    These patterns are 

shown here also to point out that the technique of analysis here introduced 

can be used without any difficulty also for large cylinder radii.    In Figures 

from 11 to 15 similar patterns are shown for an array on a cylinder with a 

radius approximately equal to 50 wavelengths.    The patterns are very 

similar to those for the array with larger radius.    The only differences being, 

as expected, the less pronounced notch and the lesser slope in the shadow 
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region of the circumfarential sections.    These trends become even more 

pronounced  for the array with a cylinder radius of approximately 11 wave- 

lengths,   (Figure 16 to 20).    The resonance notch becomes here a minor 

perturbation of the pattern.    In Figure 16 the realized gain pattern has been 

shown also for the condition of elements matched for an eigenexcitation 

corresponding to an azimuthal phase taper which would give origin in a 

planar array to the beam in the direction of the notch.    The improvement of 

the angular coverage is apparent. 

It is worth noticing that in the axial section the element realized gain 

pattern is very insensitive to the cylinder radius and practically coincident 

with that for a planar array.    It is also of some interest the fact that in the 

shadow region the cross polarized component of the field can reach values 

greater than the nominal (see for example Figure 14). 

By using a smaller size lattice the patterns do not have resonance 

notches.    A second set of patterns refer to the lattice of Figure 21.    For an 

array with approximately 50 wavelengths of diameter Figure 22 to 31 show 

the effect of "off broadside" match.    Axial and circumferential polarizations 

are separately matched (as described in Section 4):   the array is matched for 

i/R = 2jr sin 80°/>  (and w    - 0) for circumferential polarization (in the 

circumferential plane),  and for w    ~Zit sin 80°/>  (and i = 0) for the axial 

polarization (in the axial plane).    In the circumferential plan« matching the 

elements at 80 degrees from broadside yields a realized gain pattern with a 

gain decrease at 80 degrees of approximately 6 db with respect to broadside, 

to be compared with the gain loss of approximately 12 db for the more con- 

ventional equiphase match.    In the axial plane also the improvement is 

substantial (Figure 23).    A few conical s. ctions are shown in Figure 24 to 

31.    If the axial polarization is matched in the circumferential plane a 

pattern almost completely flat up to approximately 80 degrees is obtained 

(Figure 32). 

Similar diagrams have been calculated for three different match con- 

ditions for an array with a radius of approximately 11 wavelengths (Figure 

33 to 44).    The frequency sensitivity of the realized gain pattern has been 

also investigated (Figure 43 and 44) and show the realized gain pattern 

variations for ± 5 percent change of frequency with respect to design frequency. 
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Broadside and 80 degrees off broadside match conditions have been considered. 

A notch begins to appear at high frequency, and it is interesting to see that 

the modification of the realized gain pattern with frequency depends sub- 

stantially upon match conditions, and thus is not due simply to geometrical 

reasons.    In calculating the curves of Figure 43 and 44, the matching 

susceptance shunting the aperture has been assumed constant with frequency 

(a reasonable approximation in a ± 5 percent band). 

The realized gain patterns of the elements of a conformal array,  (unlike 

the planar case), are only an indirect indication of the scan coverage of the 

antenna.    In order to get direct performance information a "small" and a 
5 

"large" arrays, with 37 and 313 elements respectively, have been considered. 

Both the cylinders with radii of 11 and 50 wavelengths have been investigated. 

The array apertures are circular,  gaussianly illuminated with a 10 db edge 

taper.    The lattice is that shown in Figure 21.    The angular sectors occupied 

by the arrays on the smaller radius cylinder are shown in Figure 45.    The 

array pattern is calculated by using expression (35).    The "free" array 

excitation is chosen always in such a way to have the radiative contributions 

of all elements to add in phase at the peak of the beam.   Since the phase 

patterns of the element realized gains are essentially flat up to 80 degrees 

from broadside, the phases of the excitations turn out to be practically 

coincident with those obtained from simple geometrical optics considerations. 

Figure 46 depicts the circumferential section of the array pattern for the 

small array on the small cylinder with circumferential nominal polarization 

(equiphase match) with the beam scanned at broadside (i. e. ,  in the direction 

perpendicular to the cylinder as is and passing through the array center). 

The array realized gain is approximately 20. 8 db (Table 3).    In Figure 47 

the realized gain pattern of the array with 313 elements is shown, for 

broadside scan.    Two different matching conditions have been considered: 

broadside and for i/R - lv sin 80G/>   (and w    =0).    Thus in the second case 

the element realized gain pattern is that of Figure 33.    The two patterns are 

TT-"  
According to the discussion in Section 2 the two arrays constitute the 
excited sector of an infinite structure. 
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very similar as expected,   the differences lying on different peak gains and 

far out sidelobes slightly higher for the case of match off broadside, because 

of the lesser efficient filtering effect of the element pattern. 

Figure 48 to 56 show the envelopes of the max array gain versus scan 

angle for linear polarization in the plane of scan and different match con- 

dition.    In some of the figures the planar case is also indicated for reference. 

As expected the effect of the curvature is substantial only in the circum- 

ferential plane (Figure 48-49 and 51-52).    The effect of match off broadside 

is shown in Figure 50 and 51 for the array with 37 elements,  on the small 

cylinder.    Figure 54 and 55 show analogous curves for the large array on 

the same cylinder.    For match off broadside the gain drop off at 80 degrees 

is approximately 6 db for the circumferential plane and 7 db for the axial 

plane. 

In Figure 56 to 67 curves of gain and axial ratio versus scan angle for 

nominally circularly polarized radiation are plotted.    In this case the axial 

and circumferential polarization ports are excited with incident waves 

having equal magnitudes and a difference of phase such to yield for the axial 

and circumferential field components  at broadside a phase difference equal 

to 90 degrees.    Thus in general the "free" excitations of the two ports will 

not be in phase quadrature because of the different phase delays of the two 

field components through the matching networks and the element aperture. 

In Figure 5 6 to 5 8 different conical sections for broadside match are indicated 

for the array with 37 elements.    In Figure 59 to 61 similar curves are plotted 

for the case of the two polarizations separately matched (according to the 

discussion of Section 4).    The drop off of the gain is remarkably better than 

for broadside match.    However at large scan angle these curves exhibit a 

gain decrease with respect Lo the peak approximately 3 db larger than that 

for nominal linear polarization (with the same match condition).    This effect 

is clearly due to the polarization parallel to the surface which for radiation 

angles close to grazing incidence is almost completely rejected.    It is thus 

confirmed the convenience of switching from nominal circular to linear 

polarization (belonging to the plane of scan) when extreme angles are 

approached.    Because of the different gains for the two polarizations the 

axial ratio at broadside is different from unity. 
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Figure 62 to 67 depict gain versus scan angle and axial ratios for the 

array with 313 elements for the same match conditions considered for the 

small array.    The general features of these curves are very similar to the 

ones for the small array.    Interesting enough the axial ratio is slightly 

better for the large array. 
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6. CONCLUDING REMARKS 

There are applications for which the gain of a scanned antenna is 

required not to fall below a certain level in a wide angle scan region.    In 

these cases the average antenna gain in the scan sector is a parameter more 

relevant to system performance than the maximum gain in a particular 

direction.    This typically occurs for a satellite to aircraft communication 

system for which a hemispherical scan coverage is ideally demanded by the 

variable attitude and aircraft to satellite geometry.    The conventional use 

of terminals consisting of protruding mechanically scanned reflectors,  or 

some other form of aperture radiators, mounted beneath a radome is severely 

limited by aerodynamic drag.    A conformal array of flush mounted antennas 

presents itself as the complete solution of the problem. 

In a conformal array the beam can be scanned generally through a 

combined phase and amplitude control of the array illumination.    Considering 

a cylindrical surface (a reasonably good geometrical model for the center 

part of an aircraft fuselage) the amplitude control may serve the purpose of 

moving the illumination around the cylinder axis.    In this way,  however,   the 

total array aperture is not optimally utilized and a complicated feed system 

is required.    In order to save on the number of radiating elements and to 

simplify the feed system,  it is advisable to rely as much as possible on con- 

ventional element phase control. 

If no or limited amplitude control is used,  in order to obtain a wide 

angle scan coverage it is necessary to make use of radiating elements 

having a realized gain pattern with a small gain drop-off with angle.    In this 

report the results of a study have been presented having the objective of 

assessing the feasibility of an element having these desirable features and 

of establishing a practical approach to its design.    It has been shown that 

element patterns with a gain variation of approximately 6 db in an angular 

sector of ±80 degrees around broadside can be obtained by using a technique 

consisting of inserting special "element pattern shaping networks" in the 

Preceding page blank 
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waveguides feeding the  radiators.    Their purpose is to enhance the radia- 

tion off broadside via a control of the radiator mutual coupling mechanism. 

To simplify the analysis the infinite array model has been used.    Con- 

sequently no account has been taken of the end fire effect which for a finite 

array exists for  radiation at or very close to grazing angles.     This effect, 

related to interference and diffraction at the array edge,   is particularly 

important for radiation in directions close to the cylinder axis,  where the 

infinite array model always yields zero radiation,   a phypically improbable 

result.    Although no substantial difficulties are anticipated in analyzing a 

finite array on an infinite cylinder,   this model is not yet accurate enough 

because the fundamental role played by the diffraction at the edge of the 

structure,  on which the array is mounted,  is completely neglected.    Little 

investigation has been performed in this area and very useful work can be 

done to study these effects,   (possibly by using geometrical theory of 

diffraction) and to devise techniques to enhance the radiation in the direction 

of the axis of the structure. 
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TABLE 1 

PARAMETERS OF ELEMENT PATTERN SHAPING NETWORK 

R =11,  6U 

TE..  Mode Normalized Waveguide Admittance 

"Yo=   VV(2*^x)     =°'85Iatfo 

Circumferential Polarization Port Axial Polarization Port 

Match at i/R = k sin 80° (w    - 0) 
o 

Match at w = k sin 80° (i - 0) 

G               =       1.8967Y 
o                                         o 

G                =        1.8402 Y 
o                                         o 

-jB                    -j 0. 78749 Y J    o                    J                      o 
-jB           =       i 0. 56349 \ J    o                  J                      o 

ni/n2       =       1.3772 nj/n         =       1.3565 

Match at i/R - k sin 70° (w    = 0) 
o 

Match at w = k sin 70°  (i - 0) 

G               =1. 1468 Y 
o                                         o 

G               =       0. 97668 Y 
o                                           o 

-jB                     -j 0.4718 Y J    o                                         o -j B          =       0.52979 Y J     o                                      o 

n7/n2       =       1.070C ni/n2       =       0.9883 

Equiphase Match Equiphase Match 

G                =       0. 51738 Y 
o                                            o 

G                =       0. 51743 Y 
o                                            o 

-jB                   j 0.66859 Y J    o                 J                      o 
-j B                  j 0.67266 Y J     o                 J                      o 

ni/n2       -       0.7193 nj/n2       =       0.7193 
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TABLE 2 

PARAMETERS OF ELEMENT PATTERN SHAPING NETWORK 

R - 49. m 

IE..  Mode Normalized Waveguide Admittance 

nY yfr • \Zw  a/X Uvl      : 0.851 at f a/A / o 

Circumferential Polarization Port 

Match at i/R - k sin 80° (w    = 0) 
o 

Axial Polarization Port 

Match at w = k sin 80° (i = 0) 

2.2862 Y G 1.8389 Y 

-jB o 
-i 1.6097 Y 

o -jB                     i 0.52134 Y J    o                  J                      o 

nl/n2        E 1.5120 n1/n2       =       1.3560 

Match at i/R = k sin 70 '  (w    = 0) o Match at w = k sin 70° (i ^ 0) 

G o 1. 2354 Y o G               =       0.97649 Y o                                         o 

-J»„    ■ -j 0. 71224 Y J                       o -jB           =       j 0, 52158 Y J    o                  J                       o 

n,/n2       - 1. 115 ni/n2       =       0.9882 

Equiphase Match Equiphase Match 

G o 
0.51741 Y 

o 
G                =       0. 51742 Y 

o                                           o 

-jB J    o 
j 0.67286 Y J                      o -jB                   j 0.67169 Y J    o                 J                     o 

nl/n2        r 0. 7193 ni/n2       =       0.7193 
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TABLE 3 

ARRAY CHARACTERISTICS 

ARRAY 1 

Number of Elements:    37 

Element Spacing: h - 0, 288? .; d - 1 ; , 

Array Maximum Diameter = 3. 45 A 

Gain at Broadside (Equiphase Match): 20. 8 db at f 
o 

Gain at Broadside (Match for i/R -- k sin 80°) = 17.8 db at f 
o 

Gain at Broadside (Match for w = k sin 80 •) = 18.9 db at f 
c 

ARRAY 2 

Number of Elements:    313 

Element Spacing: h = 0. 288A. ; d = IX 

Maximum Array Diameter:   10. 6\ 

Gain at Broadside (Equiphase Match) = 29. 9 db at f o 

Gain at Broadside (Match for i/R = k sin 80°) = 26.9 db at f o 

Gain at Broadside (Match for w = k sin 80 °) = 28 db at f o 
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Figure 1  - Geometry of the Structure 

T 
Y. 

n4 T>2        i*~ h/Z 

-i% Y(i,v*') = ff(i>w)-»-jß(i>) 

TU _   /   <JQ 

ß0= ß(t.,*i) 

Figure 2 - Element Pattern Shaping Network 

38 



UNCLASSIFIED 

Figure 3 - Lattice 1 
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Figure 4 - Reciprocal Lattice of Cylindrical Array 
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Figure 5 - "Continuous" Cut-off of Fioquet-Bessel Harmonics 
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Figure 6 -   Real ized Gain Pattern.    Circumferential Plane.    Circumferential 
Polarization.    Equiphase Match (R = 99. 23\ ) 
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Figure 7 - Realized Gain Pattern.   Circumferential Plane.  Axial Polarization 
Equiphase Match (99. 23\ ) 
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Figure 8 - Realized Gain Pattern.    Axial Plane.    Equiphase 
(R = 99.23X) 

Match 
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Figure 9 - Realized Gain Pattern.    Conical Section 9  = 60 \ 
Polarization Excited.    Equiphase Match (R - 99. 23X) 

Axial 
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Figure 10 - Realized Gain Pattern.    Conical Section 9 = 60' 
Circumferential Polarization Excited.    Equiphase 

Match (R = 99.23X) 
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Figure 11 - Realized Gain Pattern.    Circumferential Plane. 
Polarization.  Equiphase Match (R = 49.62X) 

Circumferential 
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Figure 12 - Realized Gain Pattern.    Circumferential Plane. 
Axial Polarization.    Equiphase Match (R = 49. 62X) 
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Figure 13 - Realized Gain Pattern.    Axial Plane.    Equiphase Ma,.ch 
(R = 49.62X) 
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Figure 14 - Realized Gain Pattern.    Conical Section 9  = 60°. 
tion Exc-ted.    Equiphase Match (R = 49. 62X) 
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• »»■■•«■•»»■••(•■••••••■■■•••iiiiiitiiiii ■«•HinaiMmtui •■•■■•|ttiii< ■■•>■■■■•■ ■■■■■■■>*■ 
 •tllllHIt«Hi*ll*lllt Illltl. •■illlUIIIMMIHMnihilMltllHIIIIIIMIIIIIIIItMM 
■ •■■■■•■■lllli;ilt*lllllll)lllM«l|IMI>«>i)lMlli)H«lt»l«tl*MMU|Mi|it1lEllllut taitllllMMMI 
• ■■■■•■•■••■■^•■•••■■••••■••^•••••■■•■•■■iit»iiiiai«ii|tiMiiianiiMiMHiiiUiilU(i)i ti laal 

 ■••■■••• < tiiii>M«>iiiiiiiii«iajiiiiiiaititiitiHHiiiiiiiiiiHiMiHMiiiit ilium 
■■■•*** ini.Maaiiiii ■•■••■■■■Ffiaaiiiain. iiaaataaMaaaii)iiaatiaalfluUHaaaiatiHa|iaaaaiaMaM(ii ■ •■•uioaiiiaiitajiiiai aiiiiiiitmaaiiMi iii if •■• Hill ialaa laaaa aaaaa laaaa aaiÄafcaaaaaaaaa I a ami aaaaa 

iiiiriiiirii 

 • iiimria iimaniiiai iiiitiiiiiliiaai ■• *•• Maaa ■■<*■• «aaaa aaiMaaaai ■•■•■ a*aa•■••■• aMaa 
 • *• • ■ »a**« a Maail at naaaiM ••••• 
K aaaaaaaaaa« aaaaa nan aaaaa aaaaa aaia aaaaa a >> ti a«t aa »f aaa aaaa« aiaaa ta,a:aaaaiaaaaf>aaaaaai ■aaa»aaaaa 

a f aaaaaaaaiMaaaaaai naaiaafa« aaaaa aaaaa aaaaa aaaaa baa 'aihla aaaaa aaaaa llaaa aaaaa aaaf laaaaaiaaa aaaaa 
aaa laiaiaaiataalMaaaiaaaauaaaaaaaaaaaaaaa >aaaa aatai aaaaa aaaaa iaa* a ia a at Kaaa aaaaa a Saw a aaaaa aaaiiaaaaiaaaSMaamawa 

::&:::::::: 

■ in ■■■aiaaaaaaaiaaaiaaa aaaaa aaaaa aaaaaaaaaaaaaaaii aaiaaaaa aaaaa aaaaa* a itaa aaaaa aaaaa aaaaa aaaaa aaaaa aaa a a aaaaa a 
aaaii« laaiaaaitaaa aaiaiaai aat aaaaa aaaaal lafff aaaaa a. a •• a aaaa aaaaa a aaa aaaaa »aaaaa aaaaa aaaaa 
Laaaaaaaaaaaaaa aaaaa aaaaa uaaa ia aaa laaaalaaai »aid» « i » »a n a aataaaiai Mif iiiaaaaa laaauaa iaaaiaaaaa aaaaa aaaaa aa a a ■ ««aaa 
a» «aa aaaaaaaat • aaaa aaaaa «aaaa aaaa* aaaaa aaaaa aaaaa a la a a at. «a ■ aaaa * aaaa aaaaa aaaaa aaaaa aaaaa •••*>« 
iiaaaaaaaiaaaaiaa aaiaagaaaaaaaiaBaaaaaaalialaaaaliaaaSSaaiii»aaaaaaaaalaaaaiaaiaiaaaaaaaaiaaaaalamaaaaaaaSaaaj 

Figure 15 - Realized Gain Pattern.    Conical Section 0= 60°. 
Circumferential Polarization Excited.    Equiphase Match (R = 49. 62X) 
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.--. ^»«^ ■■IHiiirailM^ 

1 tBi m 

rtui »■»»«■■•*. ■•■■■■■>■■•■■■•■■■•■ ■■••• ■■•■■ • -1. • ...... ■ ■■■«■u» ••*■■••*■• 

fa«■•«>■■•■■■■•■■•■■■■aal««aaaaaaaaaaaaaaaaa■■■•■■ip«•**■■■•■■■•■■•*••••■•■ 
h«uiiiiiitii> laafiaaaai ■■■tiMiuiitMxiiuiiiiiMi • ■••«■•■*• ■•«üaataal 

• •*•• ••»•**••«•*••••••*•• UIKZUUIHU ■■.•••>■■»•■■ •. ...A............. — ............. 

Figure 16 - Realized Gain Pattern.    Circumferential Plane. 
Circumferential Polarization (R = 11. 57 \) 
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UNCLASSIFIED 
ö ji 

M 
■ n 44- 

■ ■■•■■■•■■ mil •■■"■■ ■IIIIIIIIIIIIIII ■•>■•■ ■•■ »•«•■ ■■■•■«••■■■in ■■■■• •■.■•■ ■■*•■■■••• ••■•<■■■•• aaaua ■ ■ 
• ••• •••■•■•* ■>••■ V ••«• • !■•••■•■•  
!••■■••■!! ■■•■•■•«     i«9>3i«ii4m(iHtiiijiii«i»iii|iHMl(tiiiiMunui ■liiitintiiiiititMiin win iait ■ ■■>•■§ »■■»« ••»■■ ■ ■ ■■ ■ isliitii •• »IMimiiliM Hui iiullnu ■ ■■tlillllifiiH liiHlitu •■•■••••••■• 
• «■«■-■■■i| ■■■li»illlli>> ■•■■•* ■■••■■■•■■■■•■■•««■.   HH|MtllMMHIlflmMIMIMmnni«niminHIH)n 
•••■ •• •••••••*•* ••••(•• ••••••••••••••••••••alaaapaa •••■••••a« »•••■■• 
• ••■a •••••••••( ■••*iil*»t • •••»•••■••*■••• ••••ll*(a*. Ii*ii|M* »ilia ••»*••••• ••••tt*I«a«tC«l alaattaaaa *•••••• 
• a a- »••••• ia««**«***.•••*•■ ••■•■•••• '■■•■la ••••>•■••• tMitit • t* 
• a •*■ lillll ■■■■■*■«*■ ■(■■(»■••••■^•■•«■■■'•»»••■■.••••{■«•»■»••»••«••■••{«••■•■•■•••■■■■■••■•■■■lllllllt 

 * •••••# ■••■•••••IIMItll'.UlIti»! ««•■■■*■•••■■••*■«■■•>•••■•■ 
• «•••» •••••■•■t t**■•*«••»•••••aSIaaitiaa -a••Mf•(«•(•••••■•(•<•••••«»«iaaaaaliaaaaECCaa••••••• 
a*«••••••• laaaa ••••••at a« ••*••••••• Mat • nffl »«Olltaa« iaaaaaaaaa aaaaaiaaaa aaaallaaa« ••••••a 
■ Miimai «•■•■■■■•■■mi ■■•»■■•nHiHiMiiiiu 'aiiia■•■■■ laiaa ■■■■•■•■■■■■■■■■■■•■■■■■■ aaaa■ aaaana 
• •••••■•■•••■•(•|U«I«|IIIIIII >li.illllil|IMf«llll>M«l>l**a<*lll<ltlllUIIII*MIIIIIIIM( •■■•••Nil ■•■•■■■ 
• aaa••aaa•laaa*aJaat*aaa•••••*aft a•aaaa«••■••■aaa*•••at<••*•••*•••■•••*€%••■•■•••••(••••••••■•••>•••at •■••>* 
iiiiimHiirtiaiiiaiiiiiiiM ■■■■tE*|iiiififi|iiiiii>iiti«iiiniiiiiitiiitHiiiiHliiHiiiil«]|iliilii|ll| 
■ ■■■•iiiii ■■■ii ••■■■■■•■■■■•■■ ■■ ■■■•!&■• ■■■■■■•••■ •••••• iiuMMiriiiii|«iiiiiiiMiiiiiMiiiMiiiim(i»M ■ ■•■•■JiüiallllMi ■■■■■■•au ••••■•■••■■••■•■•••■•••••■i •>■■■■■■•■■■■■■£■■■•■■■■ •■■■■•■II ■■■■■••iiti 

E" ■•!••!!••! ■•••!•••■• 
laiiiiaatiax 

:"!«•! •!■■■■ ■•■■•■>••* 
iviiitaaiaan 

>•• Mia«!"!! 

!■! U 5! !•"•*£■ 
:•■**-■•■■•• 
■■■■■■•■■i 

'••••■■■•■•u 

Figure 1? - Realized Gain Pattern.    Circumferential Plane. 
Polarization.    Equiphase Match (R = 11. 57X) 

Axitl 
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Figure 18 - Realized Gain Pattern.    Axial Plane. 
(R = 11. 57X) 

Equiphase Match 
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UNCLASSIFIED 
t It ta ■■■•■■ IIIMtMlllllillllirill» •■•■••■■■a tUIIMKtlflli 
• ••■*> > •»••••■•t|>ll.>>MIIIIM.ll>II>III.l 
■■■aaaaaaa* iM ■ laaaiitaa* aaaaaaaaa* iMtiHt« iii«ii 

■ «■■•■••••■■■■illlll|>«l4lll>lt±lll>IU(j Mlillltl.nttl 

• •■■  ii*'»■«•■■■■■■i!•■SS••!■•■■•£■•■■■■US«!■•t«r**«I•••■■• 
„ , ■ • I.»....*** »..•  

»«•«»««■■»•■«*■ • »••■■■■■•■■••«■•.■a- -■>■>■>■■■••■•■•■■■(■■■■■ Js I4I liiiitxMtiliiiitniiaiiiitiii 
• ■••■■••«»•■••••••■«       i*a-.a.. *aaaa-*a>iai« •••■■■■•■Ais •• •■■••■•«•u. 

«■■■•■■■■■■i    •■••■■•■■•■•■«-■•■•■•••••(I■■■■>■•■••••••«•■•••■■■■■■     •■.■■■ .la■ •   ■    ^aa •■■••*•■•■ •^■•••■■•raaaa^aaa aaaaif ■■•••■■■• ••■•■••jaTaa 
• ■■•■•■■■•■>.->    ■.,  i    r    •      •••<••»*•••■■••■•••'•■>•■*••*••*>>■••■•■•    .•;.••    --•    s.a.    (■|llliiiiiiiuiiltuililiiil(iiiuilllMI ilMUMhi 
■ ■■■■••■I   IB I a.        ■*■•*.- ■■••IIXI H» ; > fll.f.l.... ^ K.I..7,.aM.II ■■■•■■■«■■»■•■••■lllllllltlll 
• ■•IIIIHIMI ••■>•■ tll(l> MIIIIIIIIIUIIII '•"•■•••••■•■■••■•■••■■••■«■■•■lillitllllilllllllllMiailNHlVlIld 
■ ■■•■■■•■   **■■■■■■■■•■■■■ ■■■■•■■■•«■•■■• ■■•■•••*••••*«••■■■* •■■■■■      ••      >■■•■■••■• '»««■      ■••M>" Ml.llitlllMMMl.l B1 *■>•■■ *•■■■* 
»■"•■•■•■« »MlaaWa» aaaaaaaaaa aa^aaaaaia■■■■■!■■■■■■■■■ ■■■•■■■•■■■    J'      ill     \    m    *a*a.i*a.i> iiiMiliiilii>illlliMMII»ll«ii>i>|i4«ii 
• •<f   ■•■iiitiititii ■■■■ ^■■■■■{••■■■••■■■•■■•••■■■■•••ii   i      •   nutiii   •■■•■-•ii>   ■    iiiai •«■••iiiiiMiiiaiiaiHidiMiiM 
• Ml.   ,  laaa aabaaaaaaa ..•■•■••■■ ■• ■ • »'••>*■• «tm.iimi.i.iiniin. . •••■■■■■ a. llOllllllHM! ■••■•• I ••l»>a.liillili.il>lil>ll.. ••■■■• 
• ■».-^••■••(■■■■•••■■.■•■•■■■•■••'•■■■■•■»•■••■i* •••■•■■■•■(■■■I •«■■■■•i|i i>->>>>i»iii..»...>Ii.M><<< •*•■■aaia*■■■■■••■■••■••• aaaaa 
■ ■•■■••■a     ... . £      - -«-■ a*k ■•■■! i ■■■•■■■••■■•••••■■••■•■•■■•■■••■■••■■«•■■■■•« HiUI ■••■•■■■ aaai-••■«••■•■•■■•••••■«••■ •«••■t«a •*»*•••■■ •••>!■■ 
• •••• •■■•••■••..       •<iiai>tininiHi»<Mii>ji>i •••■■■ •»■•••'"iiin.i Ilia a .mi     .    .    ni...    I<I laa Ii   1      i  umaaaalai 
■ ■■••«■■•••^•■•^■■•■■■•■•■k-   .->•■■■»•■ •.•••••••■•••■ a« ■ aaaaaaaaa'iaMM iMaaiaiii«,« II.I • . • nn< <i-< a , •> ■ . i • *. ■ ,, i .. • ■■ , i    lfc    ,        .     •    ■■•■■>.., 
aaaaaaaaa laaaaiataan ,    ■■■■■• aiinaliaaiitiiaiaia aliaaiaalklllillMia ••••tnaHaaiataiaaiaaii^aiaaiaaililaial taitaami    <•*■■•■■■■ 

■ *■ - iaii ■■aaaaaaaaiaaaaaaaaaiaaaaaaaiiiaaaaaaaaiiaiai't ■■■a■■» aaaaaaiaaaL a** 
aaaaaaa mil iiiia <■••• ■■■■• lain tana aaaaa • •■•■ lUliiiiaini'iiMii aliata IM 

aaa    ■■     a> aaalaiaaaiaaaaiaaaaaMiilaaai laaaaaaaaaauiaaia,  aaaaaaaiaai njB||aiaaataaai aaaaaaaaa* laaaaaaaaa aaaaa ■•■■■ laaiinan 
• ••• «••• a a a aaa aaaaa»* •)••■•• a •••• ifUl ■•••• .u ••• , ..*  
 »• MM] Ill* illll M< MM«     M«lllll*IMII*ll|f|||MUIiai •Illtlll «luMMI UM 
■ • l*|MIMIMIIIl!llimilllllllllMI HUM JHiaiMIIIIM|lllllllii|||ll,IMI IMIIIIII ■■■MMIMIIMMIMI 
■i a laatillMaaiaiiMiilMMiiiaia laaiilii     M H|binM<iaaaiil tiaiilililnaiiMii aa 

HIM inn «MM ■■■•■■«■■• Mail iiita •■•■••■■•*! aaaaa aaaaa aaaaa alia«a, a ■••*•■■ faiiaiiiflinu iiiiiiiiHiiiiiilltiHMiiiiiMiMiiiiMiMM 
 < •IIIIIMIMMIII IIIIIMI aaaa aaaaa ai » aaaaaaa aaaaa •ililH|||lll aaa aaaaaaa «aaaaaaa ■ a aaaaaaaaa* ••••■ 
) MIMMIMMMMIIltlllil IMMM MIIIIMMIMMI    ••••• ■Ijlil lillll IMIIMIIIIMMII Illll 
(■ * i i • •iiii.naaaaii aaaaaiaaiiiiaaiiiaiaiKiaiiiiaanaai aiinaai aaaaaaa ifaanaaaa aaHIEjaai aaaaa«! lama a ■ am Kail i.aaai aaati laaai 

• • aa laaMiaaiiiiiaiiaaaViiaaMBaiiuMiiMMiaMiiiaiiiiiiMiMinaaiMaiiiiMaaa uiiiiiiniiiiiiiiifiiMiil|i|li|l||iiiiiuuiii|Hii  ■laiiiiiiiilifiiiiilMiiiiiililliiilMiiiiMMin iiiiiiiiiliiiiiiiiiiii ain •■ inn nil ti ill iiitiimi lain 
 HIM *illllMIIMa •■•■•> !• ••• I I MIIMIIIMMI • ■•••Mil iiiiini ■iiiIiliiiiiiiiiiiiMafiiiiiMiii aaa aaa iialaif iniiiiauiatu aaaaa ■■■■■• in ■ iiiatiiin 
aa ia  .aaaa ■■••■ lauiiiaiiialiillliliilliilltl ■••■•••••■••■••■■IMIiaillMIIIMi iiaaaiiaaaiiiaaiaiaaaaaiaaaaaEiiaiiiiaaaliiiiiaaMi 

Figure 19 - Realized Gain Pattern.    Conical Section 9 = 60°.    Axial 
Polarization Excited.    Equiphase Match (R = 11. 57X) 
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Figure 20 - Realized Gain Pattern.    Conical Section 9 = 60°.    Circumferential 
Polarization Excited.    Equiphase Match (R = 11.57X) 
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fl jfu 
jlijjjjjjijjjiijjjjjijii 

■ ■•■•••■•■••■•••■■■a »»■•»• •>•■• ■«••■ ■■■■■•••■■•■•■■■■•■■■«•■■•■*■• ■•■*■ • •>•• •■•■>■> •••••••■■•■•■•■ ■•>•■*■■«•■ ■■■■<• ■■■■•■  ■•••■•■■*•»•»••■■••■•••*■■«*••»*■■• • *•■• •#■■«.■•••• ■••ii|*4a|t«a«it••■«*•••»••••«■l»i*Has« ■ •■■■■■■■• ■••■«■«Uf 

11Ü mm I Ml im $ 111 
iiijjjjiiijjjn^ 

Figure 21 - Lattice 2 
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SEuHH 

•■liiSiiSS""""!"""*«.!-^ ■■■ •■■■■■■«■■■■■•■£««■ ■■■■«■■••• 
'.!.' '»••"••••••tiLifti.nMH n !•••• •  

Figure 22 - Realized Gain Pattern.    Circumferential Plane. 
Circumferential Polarization (R = 49. 33X.) 
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£iite:ii:::::::»:H^^ 

Figure 23 - Realized Gain Pattern.    Axial Plane. 
Axial Polarization.   (R = 49. 33X.) 
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UNCLASSIFIED 

HU®^^ 
Lr Ml» lii ill! i     i! j;:ibikfHfiMMr:fflM,.EtoH4£^8rcS 

::::;:::s»-::::i::::::«i:::n::::"::::::::::j:::::::::::::::::! 
ft3i fi:} .C-;■■:! ;|r;;,S*;:::;;.^::::;a.r-,:::::::::::::: 
MHNUillillillllliB*>MlMIMl| I aaaaaBaaa ■■■■■• •-*••■■••■•■■■ iäiäSS^ 
•••»•••P *■•■••» ■■•■■•«■aa • aa«r •••>•>■ ■■•■■••■■■ *aaaaa*aaa ■ ■■■■Laaara 

^u:i!:::::i:i:::::::i::!:<::::^:i:::::i:::i:.if:::i::
;i::: 

ffi»||l|l»i;l; 

liiiiliiiiSill■ifitl■•SSSS5S»IlaälSa}"■!!■■■■■■3■■*■■•■■■■!■ 
ifftiffillaaaaaaaaaaaaiaaaiaaaaaaaaaaaaaaaaaaaaiaaaaaaaaaaaa 

:::::::::::::::::::::::::::::::::::::::::::?::::::::::::::: 

■••••■••••*••■■•••••■••■•«■••■•■«•••••■•••■•«•■■•■>••(■(■■•• 
>*t>>Mltl •■«• f|M) ■ ■•«••••••••■••■•■«I, •■•■■■■•■■ 
■aaaaaaaaaaaaaaaaa »■■•■■■•■■■» «■■■•■■■■••■■«■•■ **■ ■••■•■•■.ft« 

aäälaaiaaalaaaSäa'aärä'iä'ä^ 
iaaaaiaaaaaaaaaaaaaaaaaaa■■«■•■■■«•aaaaa■■■■■■•■■«•■■■•■••»• 
■«••••■Mi aaaaaaaaaa aaaaaaaaaaaaaiaalaa ■ aaaaaaaaaa aaaaaaaaaa ■■«■■■■■■«■««••■•■■a ■■■•■■••la aaaaa aaaia •■■■■•••iPitttiiain 

■ - - • •• ■■■■IIIIIIIUI ■ HIII»IIIIII ■■•■••■■•■ aaaaa ■<■«<■■ ■■»«■»•■. 1 II • •■•••-•* ■■■•*•■•■•■■•■••**>■ ■■■■■■■■■■>■■■■■■■■■■■■■■■■■■■ 
• •*•< > ««JtMlMIMMtttl*««««»«* « * ••»•••••••««•**• •••*•••••••••••••••«•*•■••■•••■ a ■■••■•••■■•••■•••il lift« ■■•■■( 
• ••.•.•• l««liillill<IMM*lM«l>M • t «•!••     >••■•(■••>■•■<•••••<■••«■••••••■•••••••••••■■••-•••••■•■•••• 
• ••*•■•••••• >niM»it*w>ii»mfMf»*4i*«t«m«t>M>M im>l«««>MiM»   a a..•«>••» i «•••••••••••••• ■■■•■ *aaaaaaaalaaaaaaaaaa 
iMiiiHun • •••«•>■■ i iiiiiiiii ■■■•■iaali aaaaaaaaa« ■■•■■■■■■■ aaaaaaaaiaiaaaaaaaa t aaa■■aaaaaaaaaaaaBaaaaaaiaiaaa ■•■■•■■■■■■■■■■■■■■• ■■■■■«■■■■ 

■ • •    « - ■ ••■ iimmii aaaa« aaaaa mil |ii«i •■■-»•■■■■.•■■■■•»■■«»«■■■>■■■■ •»»■»•*»•« ■■■Hiiiiiiaiiiiiiiiui«i|iiMii|<i|iiiit>aliMi>i •.-■•«-JP*M 
• •••« ■••••••■•■iitii aaaaaaaaaaaaiaJtaaa ••••••••••• aaaaaaaaa« ■••«•••••• ••«•••«■•4 *••*••••••■•■••(•••*•••••*■(•••■••« tat** aaaaaaaaaa aaaaa a a»« 
nmmM>t»»ita*«iSaa«»ta>Ha»»>iaal«i»i«»tmi itmm» »U«M»»»»»»HI »•ii«uiinitM<iiiMi«M >•••■■••• t Saj 
• ••MiMtf><*«*t***«ia**«*MMMtHlt««ii*i«i*>«MiaiMM*«(ii«iii«««ti«<iiM«aM   •M>»««Mi««MiMii<MiMt«tii ••>!!• ««aaaaaria? 
••■••*•«••• !**<<•••< ••••••■•■•• «•••••«•••••«•••••(•MIM**IIIM<II aaa   >i < • •••! <•• lUtiiLii 

!••■   IB   >J« IMIItaHIMIMINtlllHIIHMMiHHHI * 1 -■■■•■•■• •••■••••»« ■•> ■•■■•■111 lllll||l|< KIJMI ••■■■•■■Ha 
 aliMM I MM! <M< •■••■•••a« •••■• •♦«••i ••■a    aa**>a««**a**aaaaaaaail*aaa*»*a>>«*aataaa«aaaaa«aaa« 
■ •••• •«■>«• ••■>••■■>■>•« ■UNIMNNMItHHHHIMINIMNIillllMMmMMilllMMII« lllirillimillHIKtfllllllillllMII ItllllMMIfill 
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Figure 24 - Realized Gain Pattern.    Conical Section 9= 60°. 
Axial Polarization Excited.    Equiphase Match (R = 49. 33\) 
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Figure 25 - Realized Gain Pattern,    Conical Section 6= 30°, 
Axial Polarization Excited.    Equiphase Match (R = 49. 33X.) 
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Figure 26 - Realized Gain Pattern.    Conical Section 8 = 60°. 
Circumferential Polarization Excited,    Equiphase Match (R = 49. 33X.) 
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BBaaaaiaai 

■ •»■aiiaa •••*«•••• 

niiMaiiHiiaaiaauiaaal 
■ aa ■ «- 
■ BB 

:::::::::: 
 • 
 nail ■ lain mi 

■••■■■ 
■ ■•HI ■aaa«■ ■■■SISBBS 

»•«•<*■«» 

■ ■■•>■■■•■ • iiaanaiiiia iiaaaaiaaaiMia •■•••■aapai aaaaaiaaiaaaaaaaiiiitifi iBaiWB aiaaaaaaaaaaaea■■•aaaaaaa■••■■ ■■■■•■•••!aiaaalaata 
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Figure 27 - Realized Gain Pattern.    Conical Section 6= 30°. 
Circumferential Polarization Excited.    Equiphase Match (R = 49. 33X) 
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Figure 28 - Realized Gain Pattern.    Conical Section6 = 60°.    Axial 
Polarization Excited.    Match for w - k sin 80° (R = 49. 33X.) 
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a a iimailiw aaaaaaaa ■■•■■■■■■■■■■■■■■■■■■••■■ 
■ ■•»•••••••••■••••■•••••■•••■•••■■■•■•■■■■■HI 
i •■••••••■••••I !••••••••• ii ml ii 
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• •• iiiiut •■•■ • N iiiiiiiiiiiiiiMMiiiiiMiiiii* • iiimai aam a iiaa aaaaa laaainaaa aaaaa 
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1« iiiiiii»iiiiiniii IIIIIIIIII • IIIIHIIMI mumimo mm iniiimi niia mil •■■•• aaaaa aaaaa iiaia aaaaaaaaaa 
lt>l. I Ill Illllllll III! lllllllllMIIIIIIIII UMIIII I •IIIM«n««IMtMliall 

'■mff in 
Figure 29 - Realized Gain Pattern.    Conical Sectic...   9 = 30°.    Axial 

Polarization Excited.    Match for w = k sin 80° (R = 49. 33\) 
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Figure 30 - Realized Gain Pattern.    Conical Section  6 = 60°.    Circumfer- 
ential Polarization Excited.    Match for i/R = k sin 80°.    (R = 49. 33X.) 
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Figure 31 - Realized Gain Pattern.    Conical Section  9 = 30°.   Circumfer- 
ential Polarization Excited.    Match for i/R = k sin 80°.   (R - 49. 33\) 
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Figure 32 - Realized Gain Pattern.    Circumferential Plane. 
Axial Polarization (R = 49. 33\) 
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Figure 33 - Realized Gain Pattern.    Circumferential Plane. 
Circumferential Polarization (R = 11. 6IX) 
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Figure 34 - Realized Gain Pattern.    Axial Plane. 
Axial Polarization.    (R = 11. 6IX.) 
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Figure 35 - Realized Gain Pattern.    Conical Section 6 = 60°, 
Axial Polarization Excited.    Equiphase Match (R = 11. 6IX.) 
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Figure 36 - Realized Gain Pattern.    Conical Section 
Axial Polarization Excited.    Equiphase Match (R = 1 

6= 30°. 
1.6U) 
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Figure 37 - Realized Gain Pattern.    Conical Section  G - 60°. 
Circumferential Polarization Excited.    Equiphase Match     (R = 11. 61X.) 
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Figure 38 - Realized Gain Pattern.    Conical Section  0 = 30 . 
Circumferential Polarization Excited.    Equiphase Match     (R = 11. 61 \) 
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Figure 39 - Realized Gain Pattern.    Conical 
Axial Polarization Excited.    Match for w= k s 
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Figure 40 - Realized Gain Pattern.    Conical Section  G = 30°. 
Axial Polarization Excited.    Match for w = k sin 80° (R = 11. 6IX.) 
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Figure 
Circumferential 

41 - Realized Gain Pattern.    Conical Section 6 = 60 . 
Polarization Excited.    Match for i/R = k sin 80° (R = 11.61» 
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Figure 42 - Realized Gain Pattern.    Conical Section 6 = 30°. 
Circumferential Polarization Excited.    Match for i/R = k sin 80°.    {R = 11.61X.) 
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Figure 43 - Realized Gain Pattern.    Frequency Sensitivity 
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Figure 45 - Maximum Angular Extension of Array Aperture 
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Figure 47 - Array Pattern.    Circumferential Plane.    Circumferential 
Polarization.   Number of Array Elements 313 
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Figure 54 - Array Scan Coverage.    Circumferential Plane.    Circumferential 
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Figure 55 - Array Scan Coverage.   Axial Plane.   Axial Polarization Match 
for w = k sin 80°.    Number of Array Elements 313 
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Figure 58 - Array Scan Coverage.    Conical Section 9  -30V    Circular 
Polarization.    Equiphase Match.    Number of Array Elements 37 
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Figure 64 - Array Scan Coverage.    Conical Section 0  = 30°.    Circular 
Polarization.    Equiphase Match.    Number of Array Elements 313 
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Figure 65 - Array Scan Coverage.    Circumferential Plane.    Circular 
Polarization.    Number of Array Elements 313 
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Figure 66 - Array Scan Coverage.    Conical Section 1 = 60°.    Circular 
Polarization.    Number of Array Elements 313 
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APPENDIX A 

ORTHONORMALIZED EIGENEXCITÄTIONS 

The eigenexcitations could be found from the inspection of the form of the 

scattering matrix (analytical counterpart of the symmetries of the physical 

structure).   The method has been described elsewhere for cylindrical arrays 

with a finite number of element rings [6].   For the infinite array the procedure 

is different only for analytical details and therefore will not he discussed 

here.   It can be, however, promptly checked that (7)   are in fact eigenexcita- 

tions, by observing that any congruence represented by ps, + qs, with p and 

q integers have the effct of multiplying (7) by the constant (i. e. independent 

of m and n) 

VZ^N 8Xp[-j^ <P±1 + ^2)] 

and recalling that the scattering and symmetry matrices commute.    The 

normalization constant in (7) is determined from the formal statement of 

completeness, which in this case is written: 

£   £     e+mn {h wo)  %  (!' »l)   ■   6ik 6<»0 —1» (A1) 

Introducing into (Al) the expressions (7) of the eigenexcitations, with an 

undetermined multiplicative constant D,  the following relationship is easily 

obtained: 

Preceding page blank 
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2    +•       j(i - k)^n    j(wQ - w )nh N-J D £ e       e        L 
2   ^»       j(i - k)§ n    j(wQ - Wl)nh ^      j(i - k)^ m 

(A2) 

n--a> m=0 

+•       j(w    - w  )nh 7 

n=-<n 

where the last equality is established by considering the expansion of a 

periodic delta function and by taking into account the fact that all the longi- 

tudinal numbers are obtained by having w wandering in the interval 

-u/2h * w <  ir/2h.    This last assertion can be easily justified by considering 

the reciprocal lattice of points (9) on the plane u, w depicted in figure 3 for 

u  =0.    It is clear that a "repetive" cell is represented by the rectangle B 

shadowed in figure 4, i. e.  every point of the plane scan belonging to it can 

be obtained by translating a point of B by pt_. + qt_ with p and q integers. 

This shows that every eigenexcitation (7) is uniquely characterized by a poii c 

u    in B.    It is to be noticed however that while w can take a continuous range 

of real values,  u    is limited to take the discrete set of values represented 

by the integer.«» between -N and N-l. 
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APPENDIX B 

EXPRESSION OF TRANSFORMS OF VECTOR MODE FUNCTIONS 

From the expressions of the polar components of the Fourier Transform 

of the axial and circumferential fundamental modes, given in [10], the 

rectangular components are easily calculated.    They are given below for 

reference. 

Let us consider the wave number plane u, w and let us put 

/—2       T u      . w 
t =  v u   + w    ;   cos u =  — ;   sin H- = T" 

then the u, w components of the Fourier Transform of the fundamental TE,. 

mode circumferentially polarized are given by: 

&       -    A cu - ■"• 
tcoa H  T  / . v       a sinjA i .__Ji(at)._ —2 Jl(at)] 

1 '  I'llJ 
(Bl) 

cw _  A 

r   J (at)          aJ'(at)    1 
--^r—+  = 2     sin^cosii (B2) 

Vii 

For the axial mode, the corresponding components are: 

««■   -   *cw (BS) 
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*aw = [A ^P J^at) ♦      *y**l JiCt)] (B4) 

'* 

In (B1)-(B4), "a" represents the radius of the radiating element, J. is the 

Bessel function of first kind and order, J'   is its derivative and x' . is the 

first solution of the equation J' (x)   =  0.    The amplitude constant 

£ 
\/*t <\ -• 

is obtained by imposing the normalization condition: 

ffsji) e^sJdA =  6.k (B5) 

6.,  being the Kronecker's symbol,  and i and k being in this case the subscript 

c and a. 
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APPENDIX C 

DERIVATION OF THE EXPRESSIONS FOR THE 
REFLECTION AND MODE CROSS COUPLING COEFFICIENTS 

First the expression (21) for the aperture transverse magnetic field will 

be derived.    With reference to Figure 2 the reflection coefficient for the 

excited axial mode can be expressed through the terminal active admittance: 

G      -  TG (U ) + j(B  (u ) - B    ^1 
r/     \ ao      L  a'—o       J\   a'—o'        ao/J .„.. 
a~° G      +  fa (u  ) + j(B  (u  ) - B    VI ao      L  ax—o      J V   a —o ao/J 

The susceptance -jB      shunts the aperture admittance G (u  ) + jB (u ) 

therefore the modal current for the axially polarized mode on the aperture 

section is given by: 

I    =ri-r(u)lG      -f 1 +  r (u  )l(-jB     ) (C2) a     L a*-o'J    ao    L a —o J V  J   ao / 

The modal current for the circumferentially polarized component is on the 

other hand given evidently by: 

T 
"c 

=   - T    (u  )(G      - jB      ) (C3) ac^—o I   co     '   co/ 

where the minus sign depends upon the convention for the positive sense of 

current (consistent with C2).    From (C2) and (C3),  eq.  (21) is promptly 

obtained. 

To proceed further it id convenient to use (22-23) and to write the ex- 

pressions of the z and V components of the tangential magnetic field on the 

cylindrical surface as it follows: 
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Hz(R, i.z) 
+ 00 + 00 

EV     a(u       ) A   (u       ) + 

p -   -00       q^^ao L 

b{u       ) A  (u       ) 
-opq'     z'-opq' 

(C4) 
-JU 8 J-opq- 

+ J> + on 

H„(R, 4,z) = y*    y* 
p = - eo     q - -oo 

c(u       ) A „(u       ) + 
—opq      «P —opq 

d(u       ) A  (u       ) '—opq'     z -opq' 

(C5) 
-JU 8 

,  J-opq- 

where the expressions for a(u       ),  b(u       ),  c(u       ) and d(u       ) are easily 
—opq —opq —opq —opq ' 

established,  by comparison with (22) and (23): 

V opq l+pN   \    V opq / a(u       ) 
-opq 

b(u       ) - -opq' 

j M C 

4ir       (i+pN) w 
opq 

i+pN  ^    Y opq J 

H(2)
+N   UxfT'^T') i+pN   \    V opq/ 

(C6) 

j kn c Ryk? 2 2 
w 

opq 
„(2)' 

i+pN 

i2        2 
k    - w 

°pq/   (C7) 
7~2        2      \ k    - w I 

opq  I 

J4TT
2

    (i+pN)w H( 

c(u       ) -  °Pl* 
-opq' 

.■V 
?> (RX/k2-w2      ) 
i+pN \    V opq/ 

v1 
k n C R A / k2 - w2 1 t/ opq 

d(u      )= 
-opq 

Ait' 

JCT1 

-(i+pN)2 w2 
F       opq 

H(2>'       (RWk2-w2      \ 
i+pN  I     V opq J 

H<?> (RW^-W2      ) l +pN   \    V opq / 

(C8) 

-V , 2 2 k    - w 
opq <^ 

k    - w 
opq 

„(2)' 
i+pN 

RV* k    - w 
opq, 

V k    - w opq «T+PN («V PA ^2 2~ R\/ k    - w 
opq 

(C9) 
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It is convenient to write the expression of the transverse magnetic field in 

vector form, combining (C4) and (C5): 

Ht {R, i, z)  -- Hz (R, i, z) £ + H^ (R, Z, z)$ (CIO) 

Applying Galerkin's method, the difference between the expressions (CIO) 

and (21) for the magne-tic field is scalarly multiplied by the magnetic field 

vector mode function   p   x e  {s)s  and integrated over the reference element 

aperture A.    The following equation is obtained: 

['- r (u )] a*—o  J G      + |"l + r (u )1 jB ao     | a —o J J ao 
// 

(e      H    - e     H JdA a^>     z       az    <f 
A (Cll) 

where e       and e      are the <# and z components of e ,  and use has been done a*p az ~~a 
of the orthonormalizaticn condition (B5). 

In a totally analogous way the other equation is obtained: 

r    (u ) (G      - jB     ) ac —o       co     J   co // 
(e      H    - e      HJdA c^     z        cz     <p (C12) 

By introducing (19) and (20) into (22) and (23), the integrals in (Cll) and 

(C12) can be evaluated, making use of the expressions of the Fourier trans- 

forms of the vector mode functions, given in Appendix B.    The following 

expressions are thus established: 

l - r (u ) = |i + r (u ) 1 [L   (u ) - JB   1+ r   (u ) L   (u )     (ci3) 
av-o'     L a ~° J  L  aa~° aoJ      ac1—o'    acv-o' 

- r  (u ) = \i + r (u )1 L   (u ) + r  (u ) |~L   (U ) -JB   1    (CH) ac —o       L a —o J    ac —o        acx—o   |    ccx—o     J   coj 

where the coefficients L    ,  L      and L      are given by: 
3.3. clC CC 

L     (u ) aa —o u -opq 

2 2 
a £      +bS      ß      -cß       &      - dS av au    aw aw    au aw 
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L     (u   ) cc —o 
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Ejafä2     + b Ü      6      - c S       g 
t        c u cu    cw cw    cu 

u    L -opq 

da' 
cw (C16) 

u -opq 

ac 
(v=E 

-opq 

a£    e    +be    ß     -eg    e cu    au cu    aw cw    au 

d &       & cw    aw 

(C17) 

u -opq 

In (C15-C17) the simplified notations used mean that the functions in the 

square brackets must be calculated in the points of the lattice (9) of the u, 

w plane.    From (C13) and (C14),  equations (24) and (25) are promptly 

established. 
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APPENDIX D 

COMPUTATION OF CYLINDRICAL FUNCTIONS AND 
SPACE HARMONICS SERIES 

As pointed out before, the computation of the radiation from an array 

over an infinite cylinder involves the evaluation of series representing the 

admittances of the fundamental modes eq.  (24-25) and the array pattern 

eq.  (39).    The only difficulty presented by eq.  (24-25) to computation arises 

H<»' W ,        , from the presence of ratios of Hankel functions      for   w      < k and 

Hl2)    (x) n 

K  (x) 
ratios of modified Bessel functions   —~  for |w   |   > k,   since series of 

Kn(x) 

these functions are slowly converging.    The array pattern eq.  (35) consists 

of a series of —ryr    and 1 , which are of easier evaluation than 
Hn    (X) H(2)   (X) 

n 
the series mentioned before,   since they converge very rapidly for n > x.   On 

this basis, the only numerical problem one faces is the computsr evaluation, 
i 

with high speed and precision of a very large number of J (x),  Y  (x) and 

K (x) Bessel functions.    This difficulty can be overcome by making use of the 

recurrence formulas peculiar of these kinds of functions. 

For the J  (x) the recurrence formula is computationaly very stable, 

i.e. no precision is lost by repeated application,  for decreasing values of 

n and for constant argument x.    Since J  (x) -»-0 for n >> x,  the generation of 

the J (x) can procede as follows.    Set J    (x) = 0 for m« 2 x   and J      , (x) n r m ■   ■ m-1 
equal to a small number; then by repeated use of the recurrence formula all 

J (x) are generated except for a constant factor,  computed by imposing 

Jo(x) + 2£j2n(x) = 1. 
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The recurrence formula for Y   (x) is stable for increasing values of n. 

From the computation of the J  (x), the Y   (x) can be readily evaluated from 

the equation  YQ(x) = |   [^ + luK ^ x] JQ(X) - ~ ^2 (-1) K  -^—    (Y=Euler's 

K 

constant) and Y.(x) through the Wronskian relations.    Then by repeated use 

of the recurrence formula all desired Y   (x) are computed.    A similar pro- 

cedure is applied for the evaluation of the K (x) functions. 

The computational method just outlined enables the achievement of 

relative precisions of 10"      and high speed.    On the computer UNIVAC 1108 

an estimated time of 20 fisec is required for the evaluation of a single 

Bessel function.    The same computer time is necessary for the generation 

of a value of a sine or cosine function. 

Given the convenience of computing Bessel functions for constant argu- 

ment and variable order,   the space harmonics of eq.  (24-25) and (35) are 

generated for constant values of w and each series for the index i is then 
-8 evaluated.    Relative precision of 10      has been achieved all through the 

computations of L      <u ),   L      (u  ),   L      (u  ) of (24-25) and of the radiation 

pattern of (35) 
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